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We consider a fluid of hard boomerangs, each composed of two hard spherocylinders joined at 
their ends at an angle Q. The resulting particle is nonconvex and biaxial. The occurence of 
nematic order in such a system has been investigated using Straley's theory, which is a 
simplificaton of Onsager's second-virial treatment of long hard rods, and by bifurcation 
analysis. The excluded volume of two hard boomerangs has been approximated by the sum of 
excluded volumes of pairs of constituent spherocylinders, and the angle-dependent second-virial 
coefficient has been replaced by a low-order interpolating function. At the so-called Landau 
point, QL&,,dauX 107.4", the fluid undergoes a continuous transition from the isotropic to a 
biaxial nematic (B) phase. For QJ # @Landau ordering is via a first-order transition into a rod-like 
uniaxial nematic phase (N+) if Q > V!bndau, or a plate-like uniaxial nematic (N-) phase if 
Q < The B phase is separated from the N +  and N- phases by two lines of continuous 
transitions meeting at the Landau point. This topology of the phase diagram is in agreement 
with previous studies of spheroplatelets and biaxial ellipsoids. We have checked the accuracy of 
our theory by performing numerical calculations of the angle-dependent second virial 
coefficient, which yields V!LnndauZ 1 lo" for very long rods, and V ! ' ~ a ~ d ~ ~ z 9 0 0  for short rods. 
In the latter case, the I-N transitions occur at unphysically high packing fractions, reflecting 
the inappropriateness of the second-virial approximation in this limit. 
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168 P. I. C. TEIXEIRA et al. 

1. INTRODUCTION 

The search for biaxial nematic phases has been going on for over a quarter 
century, and is as alive as ever. Indeed it was realised early on that the 
molecules of most nematogenic compounds do not possess rotational invari- 
ance about their long axes, thus opening up the possibility of simultaneous 
macroscopic ordering along a second direction, perpendicular to the usual 
nematic director. 

The first theoretical prediction of a biaxial nematic is due to Freiser [l], 
who generalised the Maier-Saupe model [2,3] to include one biaxial order 
parameter. Shih and Alben reached the same conclusion on the basis of a 
lattice theory [4]. Later, Alben’s Landau approach [5] established what 
seems to be the definitive topology of the phase diagram of biaxial objects: 
there exists a special critical point (the Landau point), corresponding to a 
given (biaxial) particle shape, at which the isotropic-to-nematic (I - N) 
transition is continuous and into a biaxial phase; this point separates two 
regimes where the transition is first-order into a rod-like (N,) or a plate-like 
(N-) uniaxial phase. Furthermore, uniaxial and biaxial phases are separated 
by two critical lines meeting the I -N  boundary at the Landau point. (For a 
review of the Landau theory of the I -N  transition see [6]). 

However, it was not until the work of Straley [7] that the full set of order 
parameters required to describe a biaxial nematic phase, was appreciated. 
Straley’s phase diagram of rectangular hard parallelepipeds is topologically 
identical to Alben’s, as is that of Boccara, Mejdani and de Seze [8], who 
studied a fluid of asymmetric ellipsoids interacting via an infinite-range 
isotropic potential. One of us (BMM) has brought the machinery of bifurca- 
tion theory to bear on the problem [9], but his analysis of isotropic 
symmetry breaking in fluids of rectangular-slab-like particles (spheroplate- 
lets and Straley parallelepipeds) was restricted to low densities owing to the 
Onsager second-virial approximation employed [ 101. This was improved 
upon by Holyst and Poniewierski [ 1 11, whose smoothed-density approxima- 
tion for the free energy [12] yielded a priori more reliable estimates for the 
transition densities (but the same location for the Landau point of 
spheroplatelets and biaxial ellipsoids, in terms of particle shape parameters, 
as Onsager theory j [ 131. 

Their elegance and computational ease notwithstanding, the bifurcation 
analyses of Mulder, and of Holyst and Poniewierski, tell us nothing about 
the nature of the uniaxial-biaxial transitions, nor can one use them to 
calculate the nematic order parameters (say, as functions of the density or 
temperature). By contrast, all these are accessible in the molecular theory of 
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BIAXIAL HARD-BOOMERANG FLUIDS 169 

Luckhurst and co-workers [14], which is similar to Straley's [7] in that the 
excluded volume interaction is mimicked by an interpolating 'potential'. A 
recent simulation [ 151 of a lattice system characterised by a similar potential 
[ 161 bore out only qualitative agreement with theory; again the phase 
diagram is compatible with the Alben topology. Tjipto-Margo and Evans' 
[17] Parsons-Lee [18, 191 treatment of the biaxial hard ellipsoid fluid, on the 
other hand, is restricted to the isotropic-uniaxial transition, but is otherwise 
in fair agreement with Allen's [20] and Camp and Allen's [21] simulation 
results. Finally, Sarman [22] has found a biaxial phase in a simulation of a 
variant of the Gay-Berne fluid. 

Work has also been performed on rod-plate mixtures, where now the 
biaxiality is tuned by varying the composition [23 - 261. Yet it appears that 
the biaxial nematic phase is often unstable with respect to de-mixing into 
rod-rich and plate-rich unaxial phases, both in Maier-Saupe [27 -291 and 
hard-body [30- 331 systems. Moreover, there are some indications [34,35] 
that, under certain circumstances, the Landau point may split into two 
continuous transitions, I - (uniaxia1)N and (uniaxia1)N - B, an intriguing 
departure from the 'canonical' picture. 

In the meantime, all was not quiet on the experimental front. The 
announcement of the first biaxial lyotropic liquid crystal (LC) [36] was 
followed by a spate of claims of observations of its thermotropic counter- 
part [37-421, which are not, however, beyond dispute [43]. 

We are interested in the nematic phases of LC dimers [44,45]. These have 
been studied previously [46] in the context of the theory of Ref. [16]; here we 
shall model them as hard boomerangs (HBs). A HB consists of two hard 
spherocylinders, each of length L and diameter D, joined at their ends at an 
angle Q (see Fig. 1 below). On varying Q between 0" and 180", such a 
particle goes from (uniaxial) rod-like to plate-like (for Q - 90') and back to 
rod-like; it is non-convex, and biaxial for all 9 other than 0". Because we 
can draw on an extensive body of knowledge of the statistical mechanics of 
(mostly convex) hard bodies, this is a convenient model with which to 
investigate the effect of particle biaxiality on the phase diagram. 

This Paper is organised as follows: in Section I1 we derive our theory and 
discuss the validity of several simplifying approximations, and how they 
may restrict its range of applicability. Then in Section I11 we present our 
results for the limits of stability of the nematic and isotropic phases of the 
HB fluid (from microscopic theory and bifurcation analysis, respectively), as 
well as for I - N coexistence (numerically from microscopic theory). We 
conclude in Section IV. 
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170 P. I. C. TEIXEIRA et al. 

‘2 

FIGURE 1 
fixed frame 
coming out 
diameter D. 

Hard boomerang in the xz-plane. The lab-fixed frame is {k, y7 i}, and the particle- 
is {it , C t , w l } ;  the two frames are coincident in this realisation, with the x-axis 
of the plane of the page. i, denotes the jth arm of boomerang i, of length L and 
The boomerang angles are related by 11, = (r-9)/2. 

II. THEORY 

A. Density-functional Approach 

In Onsager’s second-virial theory, the free energy density of a nematic phase 
can be written [lo] 

where p is the density,f,d(p) is the ideal gas contribution, R = (4,8, x) is the 
set of Euler angles [47] defining the passive rotation that transforms 
the particle-fixed frame {u, E, w} into the lab-fixed frame {x, y, z},f(R) is the 
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BIAXIAL HARD-BOOMERANG FLUIDS 171 

orientational distribution function (ODF), and B2[f(O)] is the second virial 
coefficient, defined as 

In Eq. (2), V is the volume of the system and 4(12) is the intermolecular 
potential, with i = 1,2 denoting the set of positional, as well as orienta- 
tional, coordinates of particle i. 

In the case of hard particles, the Mayer $function a( 12) = exp [-$( 12)/ 
(kBT)]- 1 = - 1 for overlapping geometries (I$(12) = 00) and @(12) = 0 
otherwise (4412) = 0), hence Bz[f(R)] reduces to the (ODF-weighted) 
integral over orientations of the (angle-dependent) excluded volume of two 
molecules: 

This latter function is not known analytically for any non-convex particle 
shapes, and thus needs to be found numerically. Rather than undertaking 
this (rather heavy) computational task, we opted for, in this first approach, 
approximating the excluded volume of two HBs by the sum of excluded 
volumes of pairs of their constituent spherocylinders. This ‘super position 
approximation’ amounts to treating the spherocylinders as independent 
particles, and will introduce errors of (leading) order LD2. However, these 
will be vanishingly small relative to the ‘unperturbed’ term (of order DL2 
[48]) in the limit of very long, thin spherocylinders, D / L  -+ 00 [49], where 
Onsager theory is applicable. One additional limitation is that we do not 
recover the correct limit when I,!J = (T - Q)/2 -+ ~ / 2 .  The quantitative 
reliability of the present strategy will be assessed in Subsection 1II.B. 

In order to render the problem more easily tractable, we shall introduce 
one further simplification. Instead of working with the angle-dependent 
excluded volume in its general form, we shall follow Straley [7] and consider 
just the values it takes for a finite number of relative orientations of the two 
particles. Assuming particle 1 to be located at the origin of the lab frame, 
i.e., (I$,, el, xl )  = ($o, Oo, xo) = (O,O, 0) (see Fig. l) ,  we compute the excluded 
volumes for the six distinct orientations particle 2 can have subject to the 
constraint that its long and short axes are directed along the coordinate axes 
[50]; these are listed in Table I (compare with Tab. I in [7]). In the spirit of 
Straley’s treatment, we then fit the entries in Table I to a second-order 
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172 P. I. C. TEIXEIRA ef al. 

- I - 1 cos 2 ~ 1 -  2 

TABLE I Excluded volumes for the six relative orientations of two particles for which particle 
1 has the orientation (k, to,  wo) = (f, f ,  2) .  and particle 2 has its principal axes (u, ii, w) along 
the different (lab) coordinate axes (see the text, Fig. 1 and Ref. [7] for details) 

(6) sin(cos -' (sin2$)) , 

~~ 

X I.' Z (Excluded volume)/2 D L2 d e X 
- w 21 sin 2 4  0 0 0 

U 2(1 + Icos2@1) 0 90" 0 
w u 4 I sin (cos- '((lj2)sin 274~)) I 90" 90" 0 

- i w 4 I sin(cos-'(cos2Q)) I 90" 0 0 

w i 41 sin(cos- '((1/2)sin21~)) I 0 90" 90" 

~ 

i 
w 

~ 

- i w 4 1 sin(cos-'(sin*Q)) 1 90" 90" 90" 
- 

interpolating 'potential' of the form 

Vi"t(R) = cr + PF1(e) + y[F2(4, e)  + ~ ~ ( 8 ,  x ) ]  + 6F4(41Q7 x ) ,  (4) 

where [51] 

5 2DL2 = 2 3 [I sin 2 + 1 +  41 sin (cos - 1  (isin 2 $ ) )  I], ( 5 )  

JL = 4 [I sin 2$1+ I sin (cos - 1  (1 sin 2 4 ) )  I] 
2DL2 3 

and the angular functions Fi(R),  which are linear combinations of the 
Wigner rotation functions of rank 2 [9,47], are given by 

(9) 
1 
2 ~ ~ ( 8 )  = P ~ ( C O S ~ )  =-(3c0s2e- i ) ,  
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BIAXIAL HARD-BOOMERANG FLUIDS 173 

This sacrifices quantitative accuracy, but preserves the correct qualitative 
behaviour; it is discussed in more detail in Section 1II.B and in the 
Appendix. 

Note that Vint(R) is in fact a two-particle potential; in the foregoing (as in 
[7]) we have just assumed that the reference particle is located at the origin 
of the lab-fixed frame (its general form is given by Eq. (7) of [7]). The 
corresponding one-particle mean-field potential. W(R), is then obtained by 
integration over the coordinates of one of the particles: 

which yields 

(14) 

wheref,(p) is the free energy density of the isotropic phase, (A(R))  = 
(R)A(R), and the order parameters are defined as 

As remarked in Refs. [7,9], sl, the canonical nematic order parameter, and 
s3, the molecular biaxiality, are associated with uniaxial order around the 
z-axis, whereas s2  and s4 signal biaxiality of the ODF around that axis: 
s1 > 0 in the N, phase, and < 0 in the N- phase, whereas s2 = s4 = 0 in 
either of these phases (see also end of Section 1II.A). In addition, self- 
consistency requires that 
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174 P. I .  C. TEIXEIRA ef 01. 

From functional minimisation of the free energy, Eq. (14), with respect to 
the ODF, we obtain 

The consistency equations for the order parameters, Eqs. (15- 18) can now 
be solved, together with Eq. (23), as functions of the density p. This can only 
be done numerically, therefore in the next subsection we discuss a simpler 
method for locating isotropic-symmetry-breaking transitions [9]. 

B. Bifurcation Analysis 

Bifurcation analysis provides a tool to locate phase transitions approxi- 
mately, in alternative to the more computationally demanding (and some- 
times not much more physically illuminating) task of solving the mean-field 
equations. Specifically, in the present case one looks for instabilities of the 
isotropic phase with respect to perturbations of (uniaxial or biaxial) nematic 
symmetry. The appropriate basis functions for expanding such perturba- 
tions, ALi,(0), have been introduced by Mulder [9,52]; for I = 2 they are 
proportional to Straley's Fi(R) (Eqs. (9- 12)) [7]. The angle-dependent 
excluded volume, uexc, (0 )  in Eq. (3), can likewise be expressed as 

It is now straightforward to write the interpolating potential, Eq. 
terms of the functions A$,n(n): 
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BIAXIAL HARD-BOOMERANG FLUIDS 175 

whence the corresponding expansion coefficients are 

K0,oo = 8 2 %  

S7? 
K2,m = -p, 5 

1 6 2  
K2,02 = K2,20 = - 5J5 y, 

The (reduced) bifurcation density into the N* phase then follows from Eqs. 
(3.9) and (3.12) in [9]: 

and the Landau point, at which the ordering transition is continuous, from 
Eq. (3.23) or (3.24) in the same reference: 

C. Numerical Calculation of the Second Virial Coefficient 

The theory described in Section 1I.A is a simplified second virial theory. It is 
appropriate only for long monomers, where one can neglect the effects of 
overlaps of more than one pair of monomers, and it furthermore approxi- 
mates the form of the angle-dependent second virial coefficient. Notwith- 
standing the fact that these approximations are expected not to greatly affect 
the general topology of the predicted phase diagram, it is of interest to 
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176 P. 1. C. TEIXEIRA et al. 

investigate how quantitatively accurate this approach might be. With this 
end in view, we conducted some numerical calculations of the angle- 
dependent second virial coefficients. 

Two methods were used. In the first and crudest scheme, one imagines a 
cuboid surrounding a central dimer, such that a second dimer placed at  any 
orientation outside this cuboid cannot overlap the first dimer. The second 
dimer is then placed in a random position within this cuboid at  a random 
orientation and one tests for an overlap between the two dimers. This 
procedure is repeated a large number of times, and the ratio of overlaps to 
the total number of configurations is simply the ratio of the dimer-dimer 
excluded volume to that of the cuboid. 

Although this method is good for relatively short monomers, it is not so 
efficient for long monomers. This is because the volume of the cuboid is 
proportional to the cube of the monomer length, whilst the excluded volume 
is proportional to the monomer length squared. Thus for long monomers, 
the ratio of overlapping configurations to the total number of trials is small 
and the whole algorithm is inefficient. To improve matters, we used the 
following technique. A monomer of the first dimer was placed parallel to the 
z-axis and a monomer of the second dimer was randomly placed subject to 
the conditions that the vector along its symmetry axis lay in the xz-plane 
and that the two monomers overlapped. This may again be achieved by 
positioning the second monomer at  random within a cuboid centred on the 
first monomer, but this time the volume of the cuboid is of order DL’. Given 
two overlapping monomers, one converts each monomer into a dimer by 
randomly attaching the cap of the partner monomer to a cap of the original 
monomer, but subject to the fixed bond-angle constraint. One then tests for 
overlap of each pair of monomers. It is a straightforward matter to 
decompose the total Mayerf-function @(12) for the two dimers in terms of 
Mayer f-functions and e-functions for the monomers (where e(12) = 1 + 
@(12)), and this allows one to follow the methods of Ree and Hoover [53] to 
find the total excuded volume as a weighted sum of diagrams composed of 
thesefand e functions. Thus while this second method is more complicated 
than the first, it is more efficient in the case of particles composed of long 
monomers. Because of this extra complexity, we were careful to check that 
the two algorithms gave consistent results. 

As described, these methods only give the angularly averaged or isotropic 
excluded volume (or, equivalently, the isotropic second virial coefficient 
which is half the excluded volume). To obtain angular information we 
calculated some of the coefficients in the expansion of the angle-dependent 
second virial coefficients in terms of Wigner rotation functions. To do this 
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BIAXIAL HARD-BOOMERANG FLUIDS 111 

we chose our z-axis to be parallel to line joining the mid-points of the 
monomers in the first dimer and the x-axis to be along the bisector of the 
monomers. The y-axis was then chosen to make a right-handed coordinate 
system. Using the conventions of Gray and Gubbins [47], we then calculated 
Wigner rotation functions corresponding to the orientation of the second 
dimer in this coordinate system. By weighting the sums in both Monte Carlo 
algorithms by these functions, one can estimate the quantity B',,, given by 

where R represents the Euler angles of the second dimer, B2(R) is the angle- 
dependent second virial coefficient (equal to (1 /2)uexcl(R) in Eq. (3)), and 
Dfn,, is a Wigner rotation function. These coefficients are directly propor- 
tional to the expansion coefficients mentioned above. 

For the simpler problem of investigating the I- N phase transition for 
hard spherocylinders at this level of theory, one often expands B2(R) in 
terms of a series of spherical harmonics, but to get accurate answers one 
needs to include spherical harmonics up to a rank of at least 14 [54]. It is 
likely that contributions from Wigner rotation functions up to a similar 
rank would be required in order to analyse the dimer transition, at least for 
the case of fairly linear particles. In this paper, however, we concentrate on 
bond angles close to the Landau angle and in this regime the transition is 
mainly controlled by Wigner rotation functions of rank 2. Indeed only terms 
of this order were used in the preceding analytical theory. 

The symmetry of the dimer implies the following restrictions on Bfn,: 

1. B i n  = 0 unless I is even; 
2. B i n  is real; 

4. B i n  = 0 unless m + n is even. 

Thus for I = 2, the independent, non-vanishing coefficients are B;2, B:,,, 
B:, and B;,,. Unlike the more symmetric cases of an ellipsoid or a 
parallelepiped [9,11], one finds here a non-vanishing B:, coefficient. This 
term is vanishingly small for long monomers, but non-zero for shorter ones, 
and originates from configurations in which more than a single pair of 
monomers overlap. Hence there exists the possibility that a ferroelectric 
phase (polar order of the short axes) might occur, but a bifurcation analysis 
using the numerical results obtained so far indicates that this term is always 
too small to allow a direct isotropic-ferroelectric transition - the normal 

3. B i n  = Bk, = &m-n; 
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178 P. I. C. TEIXEIRA et al. 

nematic phase always comes in first. In the following analysis we ignore the 
B:, terms, as they do not contribute to the formation of either a nematic or a 
biaxial phase [50]. 

111. RESULTS 

A. Analytical Treatment 

All results presented in this section pertain to the Onsager limit, LID + co, 
implicit in Eq. (1). Eqs. (1 5 - 18) have been solved iteratively by increasing 
the reduced density c at constant II, E [0, n/4], until 

Isif' - sil 5 Acc (i = 1 - 4), (35) 

were simultaneously satisfied, where Acc = or lop7 and the superscript 
j denotes the /th iterate. The angular integrations were performed by 16- 
point Gauss-Legendre quadrature [55]. In Figures 2 and 3 we show the 
phase diagram of HBs, in terms of the reduced density c = (r/4)DL2p; as in 
previous work [5,7- 9,11,14,15], we found N,, N-, and biaxial (B) phases. 
The solid line is the locus of the lowest densities at which Eqs. (1 5 - 18) have 
uniaxial nematic solutions; in this preliminary study we have not determined 
the binodal. The dotted lines are the loci of (continuous) uniaxial-biaxial 
transitions, and the dashed line is the limit of stability of the isotropic phase 
with respect to nematic fluctuations, from Eqs. (30) and (31) with Eqs. (27- 
29). Gratifyingly, all curves meet at the Landau point, predicted from 
bifurcation analysis (Eq. (33)) to be $Landau M 0.2018~ = 36.32' (*Landau M 

107.36'); numerically we get $Landau x 0.2016~,  in very good agreement. As 
one approaches the Landau point from either side, convergence gets very 
slow, requiring literally thousands of iterations to reach the desired 
accuracy. 

A word is in order with regard to the identification of the different phases. 
As remarked in [9], non-vanishing sI and s3 and vanishing s2 and s4, are 
associated with uniaxial order around the z-axis; likewise, non-vanishing s2 
and s4 are the signature of biaxial order around that same axis. The system 
may nevertheless order uniaxially around some other axis in which case all 
four order parameters would be non-zero. They would, however, be related by 
the elements of the rotation matrix which transforms the basis functions 
Fi(R) between the lab-fixed frame and that in which the order parameter 
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FIGURE 2 Phase diagram of the HB fluid. I: isotropic phase; N,: rod-like uniaxial nematic 
phase; N-: plate-like uniaxial nematic phase; B: biaxial nematic phase. All lines are from the 
analytical theory of Sections 1I.A and ILB, with LID = 00 (Onsager limit). Solid lines: limit of 
stability of the uniaxial nematic phases; dashed line: limit of stability of the isotropic phase 
(from bifurcation theory); dotted lines: continuous uniaxial - biaxial transitions. The symbols 
are numerical results pertaining to the theory of Section ILC, with Table I1 (LID = 10'). Stars: 
limit of stability of the isotropic phase from bifurcation analysis; triangles up: c1 at ILN, 
coexistence; triangles down: cN at I - N +  coexistence. See the text for details. 

tensor is diagonal [9]. In practice, starting the iteration with initial guesses 
sI = s2 = s3 = s4 = 0.5 always led to a N, phase symmetric about the z-axis 
for $ < $Land& for $ > $Landau it led to an apparently biaxial phase ( i e . ,  
all si # 0), but whose order parameters were related by s2 = 2sl, s4 = (3/2)s3, 
corresponding to N+ order about the x-axis. This turned out to have much 
higher free energy than a N- phase symmetric about the z-axis (in which s2, 
s4 - 0),  resulting from the initial guesses s1 = s3 = - 0.5, s2 = s4 = 0.5. Thus we 
have defined the N*-B lines, somewhat arbitrarily, as the loci of points 
where s2 first exceeds lop4 as the density is increased. 

In Figures 4 and 5 we plot the order parameters as functions of the 
reduced density for two different boomerang angles $, on either side of the 
Landau point. Notice the weakening of the first-order I -N transition as a 
consequence of particle biaxiality [16,17]. 
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1.88.190 1 0.200 0.21 0 0.220 

vln: 
FIGURE 3 
in Figure 2. 

Detail of the phase diagram in the vicinity of the Landau point; same symbols as 

8. Numerical Calculations 

To date we have numerical results for long monomers (LID = lo6) and for 
fairly short ones (LID = 2), using the second Monte Carlo algorithm 
described in Section 1I.C. For the final averages lo9 trial configurations were 
generated. Errors were estimated by splitting the total number of con- 
figurations into sub-blocks each containing lo5 configurations and then 
calculating the standard error in the mean using this set of lo4 sub-averages. 
Some data are presented in Tables 11 and 111, and the coefficients are given 
in units of the isotropic second virial coefficient of a pair of monomers, 
&,mom where [561 

The error is approximately 4 x in all cases except Pm for L/D = lo6, 
for which it is lo-’. Taking the long monomer data first, we see that the 
isotropic second virial coefficient, @,, is equal to ~ B Z , ~ ~ , , ,  independent of 
bond angle. This follows from the fact that only overlaps of a single pair of 
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2.10 2.20 2.30 2.40 

C 

FIGURE 4 Order parameters s~ (solid line), s2 (dashed line), sj (dotted line), and s4 (dot- 
dashed line) vs. reduced density, for li, = 36". Note the smallness of the jump at the I - N +  
transition. and the discontinuity in the slope of the s, curve at the N--B transition (marked by 
arrows). 

0.3 

0.2 

0.1 

p 0.0 
u 
u CI 

-0.1 

L -0.2 
2 
0 -0.3 

L a a 
u 

-0.4 

-0.5 

/ 
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FIGURE 5 Same as in Figure 4, but for li, = 37". Besides a weak first-order ILN- transition, 
a 'bump' is again visible, now on the s3 curve, at the N--B transition (both are marked by 
arrows). 
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TABLE I1 Second virial data for LID = lo6: all coefficients are in units of B2,mon (the isotropic 
second virial coefficient for monomers). = 4 with an error of lo-'. C* = B2,monp*, the limit 
of stability of the isotropic phase with respect to (uniaxial) nematic fluctuations, and u, are from 
Mulder's bifurcation analysis [9]. w changes sign at the Landau point, whence @Landau- loo" 

165 
150 
135 
120 
115 
110 
105 
90 

-0.4748 
-0.4046 
-0.3045 
-0.1953 
-0.1607 
-0.1282 
-9.856 x 
-3.129 x 

Bk 
-5.05 1 0 P  
-1.842 x 
-3.500 x 
-4.785 x 
-5.014 x 
-5.100 x 
-5.038 x 
-3.825 x 

B:2 

-8.5 1 0 - ~  
-4.00 I O - ~  

6 x lo-' 

-1.170 x 
1.558 x 

-2.029 x 
-2.577 x 
-4.68 x 

C* U 

1.053 
1.231 
1.600 
2.286 
2.605 
2.963 
3.333 
4.003 

0.999 
0.981 
0.885 
0.540 
0.319 
0.033 

-0.302 
-1 

TABLE 111 Second virial data for LID = 2: same units as in Table I1 (but note that now 
Pw # 4). C* and u are again given by Mulder's bifurcation analysis [9], yielding @Landau x 90" 

@C) P W  B& B:, B:2 C* U 

165 3.2047 -0,1992 - 1.71 1 0 - ~  o 3.12 I 
150 3.2001 -0.1788 - 6.29 10- - 2.3 x 3.487 0.99 
135 3.1926 -0.1499 - 1.252 x - 1.10 x 4.122 0.94 
120 3.1789 -0,1182 - 1.866 x - 2.98 x 5.071 0.79 
105 3.1575 - 8.854 x - 2.297 x lo-' - 6.40 x 6.30 0.49 
90 3.1252 - 6.438 x - 2.468 x - 1.130 x 7.62 0.024 
85 3.11 10 - 1.323 x - 2.463 x - 1.323 x 11.6 -0.88 

monomers contribute to the second virial coefficient in this limit and that 
there are four such pairings. This result only breaks down at extremely small 
bond angles, when the two monomers are virtually side-by-side. 

From bifurcation analysis (Section 1I.B and [9]), we find that the Landau 
angle, @Landau, is very close to 100" ($Landau M 35"). We also found the I - N 
coexistence (from Onsager theory [lo]) for larger values of 9 (Tab. IV, Figs. 
2 and 6). As expected the order parameters become very small near Q - 100" 
and the densities of the co-existing phases also have become almost 
identical. The analytical theory correctly captures the qualitative trend, but 
quantitative agreement worsens as QLandau is approached; furthermore, it 
seriously underestimates the principal nematic order parameter sl over most 
of the range of boomerang angles. (By contrast, predictions for the mole- 
cular biaxiality order parameter s3, which remains small, are remarkably 
consistent). Since for LID = lo6 we are practically in the Onsager limit, 
where the contribution due to multiple overlaps is negligible (as can be seen 
from the fact that Prn is almost exactly 4B2,,,,), the impoverishment in 
performance can only be ascribed to the deteriorating quality of the 
interpolation formula for the excluded volume, Eq. (4), as 9+QLandau 
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0.60 

0.50 

g 0.40 
Q) 

a4 c) : 
3 
2 0.30 a 
L 

0 0.20 

0.10 

0.00 

TABLE IV 
smallness of s, for q - 9 h n d a u  = 110" 

I-N transition results for long monomers, LID = lo6: c = Bz.monp. Note the 

- 

0 
0 

- 0 

S1 - 
- 

- 

- 

__.. 
9 

- 

0 ........................... 
o... .................... 8 " 

1 , . , .................. - 

165 
150 
135 
120 
115 
110 

0.925 1.01 0.565 0.003 
1.09 1.17 0.538 0.01 1 
1.45 1.51 0.486 0.03 
2.19 2.22 0.341 0.067 
2.560 2.575 0.220 0.072 
2.9617 2.9620 0.023 0.0142 

w/n 

FIGURE 6 Uniaxial order parameters s1 (solid line) and s3 (dotted line) vs. $ at limit of 
stability of the N +  phase (solid line in Fig. 2), from the analytical theory of Section 1I.A. 
Symbols: s, (filled circles) and sg (open circles at the I -N+  coexistence, obtained by the 
numerical method of Section 1I.C for LID = 10 (data from Tab. IV). b 

(see also the Appendix). A (plausibly) smaller source of additional error is 
that the results based on the interpolation formula are for a nematic phase 
at the lowest density for which Eqs. (1 5- 18) have a uniaxial nematic 
solution. In contrast the densities given from the purely numerical approach 
correspond to binodal densities. 

Turning next to the shorter monomer data (LID = 2), we firstly notice 
that Go is no longer equal to 4B2,m0n, because now overlaps of more than 
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TABLE V 
in Table IV. Again, s, is quite small for Y. - I-N transition results for short monomers, LID = 2: same units as 

z= 90" 

*3r (" )  C I  CN SI 33 

165 2.24 2.33 0.495 0.002 
I50 2.50 2.58 0.486 0.010 
I35 2.98 3.05 0.464 0.023 
120 3.134 3.191 0.415 0.044 
105 4.804 4.836 0.296 0.069 
90 5.93991 5.94010 0.016 0.010 

one pair of monomers contribute to the overall second virial coefficient. 
Nevertheless it is noticeable that B k  depends only very weakly on bond 
angle. Indeed recent computer simulation studies [54] indicate that the 
isotropic equation of state is only weakly dependent on bond angle over a 
wide range of packing fractions. Moreover, we find a Landau angle very 
close to 90". The explicit calculation of the I -N coexistence point (Tab. V) 
again shows that at this angle the order parameters are very small and the 
densities of the co-existing phases are practically identical. 

For such short dimers, however, the packing fractions at which these 
transitions occur are unphysically high. Indeed a second virial account is 
clearly inappropriate for these short particles and higher virial coefficients 
are needed. In future work we will investigate the effects of including the 
third virial coefficient and of approximately resumming the virial series, so 
as to compare quantitatively with computer simulation [57]. All that we wish 
to say at present is that the Landau angle is expected to vary with monomer 
length. Whether the phase diagram will look the same as that for long rods 
will depend on whether other phase transitions, such as crystallisation, pre- 
empt the liquid crystalline phase transitions considered here. 

IV. CONCLUSIONS 

We have developed a simple theory of the nematic ordering of HBs, which 
we hope can shed some light on the phase behaviour of LC dimers. As a 
consequence of particle biaxiality, biaxial as well as uniaxial (both rod-like 
and plate-like) phases have been found. Although no actual phase 
boundaries have been traced (apart from a small number ofpoints), it can 
be concluded that the topology of the phase diagram is in agreement with 
that obtained in previous studies of related systems, namely hard 
spheroplatelets and hard biaxial ellipsoids (in the latter case both by theory 
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and simulation). This is in spite of several rather severe approximations 
introduced, namely (i) the truncation of the free energy expansion at the 
level of the second virial; (ii) the replacement of the excluded volume of two 
non-convex bodies by the sum of excluded volumes of pairs of convex 
constituents thereof; and (iii) the use of a low-order approximation for the 
latter excluded volumes. Of these, (iii) probably has the most serious 
(quantitative) effect, although (i) and (ii) will of course be manifest in 
comparisons of our theoretical predictions with molecular simulation results 
for finitely-long particles. We have attempted to assess the validity of (ii) and 
(iii) by evaluating the second virial coefficient of HBs numerically (Eq. (A9)) 
[58] .  This revealed (iii) to become increasingly (quantitatively) unreliable as 
Q 4 QLandau. Furthermore, it does not recover the exact relation = 
~ B Z , , ~ ~  except for @ = 180". The Landau angle QLandau is, however, 
accurately located. 
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APPENDIX: ACCURACY OF THE INTERPOLATION 
OF THE EXCLUDED-VOLUME INTERACTION 

Let $ denote thejth segment of particle i, and start by placing particle 1 at 
the origin of the lab frame. Then its constituent segments are given by (see 
Fig. 1) 

01, = ($1 = 0 , h  = $,XI = 0) = (XI  = Lsin$,yl = O,zl = Leos$), (Al)  

Now we want to find the Euler angles pertaining to the constituent segments 
of particle 2, knowing that particle 2 is connected to some frame rotated by 
R = (+,B,x) relative to the lab frame. Particle 2 has exactly the same 
coordinates as particle 1, but in the rotated frame; to find the angles between 
the constituent segments of the two particles, and therefrom the corre- 
sponding excluded volumes, we need to express all coordinates in the same 
frame. The coordinates in different frames are related by Eq. (A. 123) in [47] 
(NB: in this reference the convention of passive rotations is adhered to). So 
we unrotate the frame connected with particle 2 to bring it into coincidence 
with that of particle 1. This yields 

i (cos q5 cos B cos x - sin q5 sin x) sin II, + cos 4 sin B cos $J 
(sin4cose cosx+cos+ sinX)sin$+sin4 sinecos$ , 

- sin 0 cos x sin$ - cosB cos$ 

(A31 
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(cos 4 cos 8 cos x - sin 4 sin x) sin 1c, - cos 4 sin 8cos 1c, 
(sin I#J cos 8 cos x + cos 4 sin x) sin 1c, - sin I#J sin 8cos 1c, 

-sin8cosx sin1c,-co~8~0~1c, 

It follows that the angles 1'1,2, between segments are 

cosrl12, = L - 2 R ~ , .  Q21 = ( C O S ~  cos8 cosx - sin4 sinx)sin2$ 
+cosI#J sin8sin1c,cos$-sin8cos~ sin$cos$ 

+ cos 8 cos21c,, 

cos I'1l22 = L-2R12.  R22 = (cos 4 cos 8 cos x - sin 4 sin x) sin2$ 
- cos 4 sin 8 sin $J cos 1c, - sin 8 cos x sin $J cos 1c, 
- cos 8 cos2$, 

cos r1221 = L-'Rl2 . R2, = (cos I#J cos 8 cos x - sin I#J sin x) sin2$ 
+ c o s ~ s i n 8 s i n $ c o s $ + s i n 8 c o s ~  sin$cos$ 

- cos 8 cos21c,, 

1 I 1 

0.00 0.05 0.10 0.1 5 0.20 0.25 

w 
1.00 1 1 I 1 

0.00 0.05 0.10 0.1 5 0.20 0.25 

w 
1.00 1 

FIGURE 7 'Standard deviation' A YS. boomerang angle 4. 
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cos r1222 = L - ~ R I ,  . 0 2 ~  = (cos 4 cos e cos x - sin 4 sin x) sin2+ 
- cos q5 sin 0 sin + cos + + sin 0 cos x sin $J cos + (A8) 

+ cos e C O S ~ Q .  

In our 'superposition approximation', the excluded volume of two HBs is 
just the sum of the excluded volumes of pairs of spherocylinders, whence 

/sinr1,2,I + Isinr1,2~1 + I s in r l z~ , I  + Is inr1~2~1.  (A91 
Vex1 (0) -= 
2DL2 

To effect the comparison between VexC1(s2) and Eq. (4), we evaluate [59] 

In Figure 7 we plot A(= a) vs. +: the fit worsens + increases, consistently 
with Figure 2 and Table IV. 
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